Generalised acyclic edge colourings of graphs with large girth  by Gerke, Stefanie & Raemy, Melanie
Discrete Mathematics 307 (2007) 1668–1671
www.elsevier.com/locate/disc
Note
Generalised acyclic edge colourings of graphs with large girth
Stefanie Gerke, Melanie Raemy
Institute of Theoretical Computer Science, ETH Zurich, 8092-Zurich, Switzerland
Received 10 February 2006; received in revised form 27 July 2006; accepted 2 September 2006
Available online 25 October 2006
Abstract
The r-acyclic edge chromatic number of a graph G is the minimum number of colours required to colour the edges of G in such
a way that adjacent edges receive different colours and every cycle C receives at least min{|C|, r} colours. We prove that for any
integer r4, the r-acyclic edge chromatic number of any graph G with maximum degree  and with girth at least 3(r − 1) is at
most 6(r − 1).
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper we consider edge colourings of graphs such that adjacent edges receive distinct colours and there are
additional constraints on the edge sets of cycles. More precisely, an edge colouring of a graph is called proper if adjacent
edges are coloured with distinct colours. An edge colouring is r-acyclic if it is proper and every cycle C is coloured
with at least min{|C|, r} colours. The r-acyclic edge chromatic number a′r (G) of a graph G is the minimum number of
colours needed for an r-acyclic edge colouring.
Clearly, at least  colours are required for any r-acyclic edge colouring of a graph with maximum degree . For
r2, every proper edge colouring is r-acyclic. Proper edge colourings are well understood, and in particular Vizing’s
theorem [8,9] implies that for r2 the r-acyclic edge chromatic number of any graph with maximum degree  is at
most + 1.
Alon et al. [1] showed that the 3-acyclic edge chromatic number is linear in . More precisely, they showed that
a′3(G)64,
for any graph G with maximum degree . This was later improved to 16 in [7]. In [2] it was asked whether something
stronger could be true, namely whether it could be possible that a′3(G) + 1 for all graphs with maximum degree
, with the unique exception of the complete graph on an even number of vertices (which has a′3(G) =  + 2).
They proved that a′3(G) + 2 provided G has no cycle with less than c log edges, for some ﬁxed constant c
(independent of ).
For r4 the situation is different. The complete bipartite graph Kd,d satisﬁes a′4(Kd,d) = d2, since every edge
must receive a distinct colour to avoid a 4-cycle that is coloured with less than four colours. This is an example of a
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class of graphs where the 4-acyclic edge chromatic number of any member is quadratic in its maximum degree. For
r6, Greenhill and Pikhurko [6] constructed -regular graphs G with a′r (G)cr r/2, where cr depends on r but is
constant with respect to. They also proved upper bounds on a′r (G) of order O(r/2). In [5] it was shown that typical
-regular graphs have much smaller r-acyclic edge chromatic number. More precisely, it was shown that a random
-regular graph on n vertices has, with probability tending to one as n tends to inﬁnity, an r-acyclic edge chromatic
number at most (r − 2). Therefore, a typical regular graph has an r-acyclic edge chromatic number that is linear in its
maximum degree. A natural question is thus to ask which structures force a class of graphs to have an r-acyclic edge
chromatic number that is quadratic in . In this paper we show that such a class has to contain graphs with small girth.
More precisely, we show the following theorem.
Theorem 1.1. Let r4 be an integer. For any graph G with maximum degree  and girth g3(r − 1), we have
a′r (G)6(r − 1).
Our main aim is to show that for the class of graphs with large girth the r-acyclic edge chromatic number is linear
in  if r is ﬁxed. The upper bound we obtain is at most a factor 12 away from the optimal bound as it is known [5] that
every d-regular graph with girth r3 satisﬁes a′r (G)> (r − 1)d/2. This bound can be shown by noting that the union
of any r − 1 colour classes of any r-acyclic edge colouring forms a forest when all cycles have length greater than r.
2. Proof of Theorem 1.1
First observe that the result is easily veriﬁed if 2. (In fact, in this case a′r (G)r .) Thus, we may assume that
3. Let S be a set of colours of size |S| = 6(r − 1). For each edge of the graph G, a colour is chosen uniformly at
random from the set of colours S. Using the following variant of the local lemma we show that the resulting colouring
is r-acyclic with positive probability, and thus there must exist such a colouring.
Local Lemma (Erdo˝s and Lovász [4]). Consider a set A={A1, . . . , An} of (bad) events such that each Ai is mutually
independent of A\(Di ∪ {Ai}), for some Di ⊆ A. If there are reals x1, . . . , xn ∈ [0, 1) such that for each 1 in
Pr(Ai)xi
∏
Aj∈Di
(1 − xj ),
then the probability that none of the events in A occur is at least∏ni=1(1 − xi)> 0.
We consider the following events. For each set of adjacent edges {e, f }, let Ae,f be the event that e and f receive the
same colour. We call such an event an event of type-1. For each cycle C, we say that event AC occurs if C receives less
than r colours. If the cycle C has length i, then such an event is called an event of type-i.
Note, that if no event of type-1 occurs, then the graph G is properly coloured. If, in addition, no event of type-i
occurs for all i3, then the colouring is r-acyclic. Since all cycles of the graph G have length at least g, we only need
to consider type-i events with ig.
It is easy to see that an event of type-1 occurs with probability 1/|S|. The probability of an event of type-i is at most
(
r − 1
|S|
)i−(r−1) (
i
i − (r − 1)
)
,
as can be seen as follows. Let C be a cycle of length ig > r − 1 that is coloured with less than r colours. Then there
exists a subset B of the edges of C of size i − (r − 1) such that each edge in B is coloured with a colour that appears
also in C\B. There are
(
i
i−(r−1)
)
ways to choose such a set B and if a set B and a colouring of C\B is ﬁxed then the
probability that only colours of C\B are used for B is at most ((r − 1)/|S|)i−(r−1).
To apply the local lemma, we also need to investigate the dependencies of the events. Each edge e is contained in at
most 2 pairs of adjacent edges and hence an event of type-1 is mutually independent of all but at most 4 other events
of type-1. Also, each edge e is contained in at most j−2 cycles of length j. Therefore, an event that is determined by i
edges is mutually independent of all but at most 2i events of type-1 and ij−2 events of type-j.
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Let x1 = 1/(8) and xi = 1/(2)i . Note that x11/240.08 and xi1/6270.08. Let A˜i be an event of type-i.
Thus, it remains to verify the following inequalities where n is the number of vertices of G.
Pr(A˜1)x1(1 − x1)4
n∏
j=g
(1 − xj )2j−2 , (1)
and for all g in,
Pr(A˜i)xi(1 − x1)2i
n∏
j=g
(1 − xj )ij−2 . (2)
To verify the ﬁrst inequality we use the fact that (1 − x)(1/3)x for all x0.08 and that g3(r − 1)27 to
obtain
x1(1 − x1)4
n∏
j=g
(1 − xj )2j−2x1
(
1
3
)4x1 n∏
j=g
(
1
3
)2j−2xj
x1
(
1
3
)4x1+∑∞j=g2 j−2xj
= 1
8
(
1
3
)1/2+∑∞j=g(2/22j )
= 1
8
(
1
3
)1/2+(2−g+1/2)∑∞j=02−j
 1
8
(
1
3
)1/2+(2−25/9)
 1
18
 1
6(r − 1)
1
|S|
 Pr(A˜1).
To prove (2) we ﬁrst claim that for all ig3(r − 1)27, we have
6ei
r − 13
(3/4−(1/22g−1))(i/r−1)
, (3)
which can be seen by considering i = 3(r − 1), and by observing that the right hand side when seen as a function of
i grows faster than the left hand side. Now,
Pr(A˜i)
(
r − 1
|S|
)i−(r−1) (
i
i − (r − 1)
)
=
(
r − 1
|S|
)i−(r−1) (
i
r − 1
)

(
r − 1
| S |
)i−(r−1)(
ei
r − 1
)r−1
=
(
1
6
)i( 6ei
r − 1
)r−1 (3)
 1
(2)i
(
1
3
)(1/4)i+i/22g−1
= 1
(2)i
(
1
3
)i/4+(i2−g/2)∑∞j=0 2−j
 1
(2)i
(
1
3
)i/4+∑nj=g(i/22j )
= xi
(
1
3
)2ix1 n∏
j=0
(
1
3
)ij−2xj
xi(1 − x1)2i
n∏
j=0
(1 − xj )ij−2 .
In the last step, we again used that
( 1
3
)x(1 − x) for all x0.08. 
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